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Composite Method for the Mixing of Two Steady
Laminar Flows

Anthony Demetriades*
Montana State University, Bozeman, Montana 59715

An analytic solution is presented for the steady, two-dimensional mixing of two parallel, laminar, and initially
dissimilar streams beyond the trailing edge of a thin partition. The method consists of combining known analytic
solutions for flat-plate wakes with Chapman's classic solution for the free shear layer. The key assumptions made
are that the wake "component" grows independently of this shear layer component and that the minimum-velocity
locus of the former coincides with the zero streamline of the Chapman flow. The initial boundary-layer profiles at
the trailing edge are taken to be exponentials with a stretching factor, whose advance choice simulates some
common laminar boundary layers. All flow properties are then found in terms of the space coordinates and seven
parameters, including this stretching factor, the fast-side Mach number, specific heat ratio, partition temperature,
and the ratios of total temperatures, initial stream velocities, and initial momentum thicknesses at the trailing edge.
The solutions are closed form, analytic, free of discontinuities, and capable of simulating symmetric or asymmetric
wakes, base flows, and the mixing of parallel streams. These results compare closely with well-known numerical
results obtained for wakes and base flows.

Nomenclature
a, a' = independent variables in wake solution

[Eqs. (14) and (27)]
b, b' — independent variables in wake solution

[Eqs. (14) arid (27)]
B =constaht in wake temperature solution [Eq. (16)]
c, c' = independent variables in wake solution [Eqs. (15)

and (28)]
C = constant in wake solution [Eq. (16)]
Cn = polynomial coefficients in free shear layer curve fit

[Eqs. (6) and (7)]
d, d' = independent variables in wake solution [Eqs. (15)

and (28)]
K = nondimensional temperature [Eq. (12)]
KQ = initial nondimensional temperature at x* = 0
M = Mach number
p — pressure
P =0!/02P' = olPl/92p2
R = gas constant
Re' =unit Reynolds number
S = stretching factor
T = local temperature
T0 — stagnation temperature
Tw = partition temperature
u — longitudinal velocity
u = nondimensional velocity [Eq. (11)]
«0 = initial nondimensional velocity at x* = 0
x* = physical distance beyond trailing edge (Fig. 1)
x' = nondimensional distance beyond trailing edge

[Eq. (2)]
x = nondimensional distance beyond trailing edge

[Eq. (17)]
y = nondimensional lateral distance, =y*/9l
y* = physical lateral distance (Fig. 1)
y* = compressible-transformed lateral distance [Eq. (2)]
y' = nondimensional lateral distance [Eq. (2)]
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y'm = location of minimum wake velocity along y'
y" = nondimensional lateral distance [Eq. (18)]
y = specific heat ratio
r\ = nondimensional variable in free shear layer analysis

[Eq. (4)]
9 = momentum thickness
p = local density
Subscripts
1 = stream 1 (a constant)
2 = stream 2 (a constant)
e = constant quantity external to the wake
FSL = obtained from the free shear layer solution alone

I. Introduction

THE problem addressed in this paper is the mixing of two
steady, laminar, two-dimensional streams downstream of

the trailing edge of a thin partition. Each stream is uniform
outside the boundary layer growing on its side of the parti-
tion, as shown in Fig. 1, and its properties (velocity, density,
etc.) are known and subscribed by "1" or "2" for the top and
bottom streams, respectively. The momentum thicknesses 9{
and 92 at the trailing edge (TE) are also given. The objective
of the paper is to solve for the flow properties «, p, T, etc., in
the region 0 <x* < oo, — oo <j>* < oo, where the physical
coordinates x*,y* are illustrated in Fig. 1.

The two fluids are assumed to be nonreacting, identical,
and subject to the perfect gas state equation p = pRT. In this
calculation we will also consider the flow to be isobaric, of
unity Prandtl number and constant Chapman-Rubesin factor.
On the other hand, we shall impose no restrictions on the
ratios ()2I(\, e.g., on u2/ul9 T 2 / T l 9 T02/T01, etc., or on the
92/9l ratio or the flow Mach and Reynolds numbers. Further-
more, we shall allow the given partition temperature Tw to
differ from TQl by any desired amount. The complete latitude
allowed for these input parameters makes it clear that a
solution to the general problem of Fig. 1 would also solve for
the flow in some specific configurations of considerable inter-
est. For exarriple, ( ) i = ()2 would give us the solution for the
wake of a thin plate, and w2/wi = 0 that of a flow next to a
stagnant region (e.g., base or separated flows). The general
case () i 7* ()2 T^ 0 represents the mixing of two finite parallel
streams, of interest to combustion, film cooling, etc.
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Solutions to the problem of Fig. 1 are known only for
certain special choices of the parameters ( ) l and ()2. For the
incompressible symmetric wake of an adiabatic plate
(Ml = 0, M! = t/2,0i = 02» Tw = r0), solutions were provided
long ago by Goldstein1 for small x* and asymptotically
(**->oo) by Goldstein2 and Tollmien.3 Chapman4 provided
solutions for the so-called free shear layer adjacent to a
stagnant region without initial boundary layers (u2 =
0, 0! = 92 = 0). Applications of Chapman's solution came un-
der intense scrutiny in the 1960s, with numerical solutions5

and momentum integral methods6 extending these findings to
the recirculating flow in the base of an object. Iiji fact,
numerical solutions are now quite feasible7 for solvijng the
steady, two-dimensional problem of Fig. 1. Details on these
developments can be found in Berger.8

The present work takes a different approach, aiming at a
completely analytic solution of the general problem, in a way
allowing special cases (e.g., wakes) to be directly calculated by
a choice of the input parameters. This result is achieved by
combining two known analytic solutions: one dealing with
viscous flow and the other with the inviscid, external flow.
Velocity and temperature formulas are obtained that are
continuous and valid over the entire x*9y* range for any set
of chosen conditions Ml9 u2/uly TQ2/T01, etc.

II. Outline of the Method
The presence of boundary layers on the partition and the

resulting condition u(x* = y* = 0) =0 means that the flow
will have a "wakelike" character for some distance beyond
the TE, whether symmetric or asymmetric, depending on
whether Ol = 02 or O^O^ This wakelike behavior will diffuse
with x*, but any inviscid asymmetry (\ ̂  ()2 (e.g., w t ^ u2)
will eventually dominate the flow far downstream. We can
therefore think of two "components," a wake component and
a free shear layer component, which combine in some manner
to configure the total flow. The present method postulates
that each component develops independently of the other
along x* and seeks a way to combine them. To maintain
analyticity throughout and to fit the solution to requirements
at the region boundaries x* = 0, oo, and y* = + oo, the TE
boundary-layer profiles and the free shear layer profile at
x* = oo will be specified algebraically. For the latter Chap-
man's solutions4 will be used. For the initial boundary-layer
velocity profiles we will use an exponential with a stretching
factor chosen in advance, which simplifies the algebra and
allows some flexibility in simulating laminar viscous flows.

III. Free Shear Layer Component
In the general case we assume that the wakelike flow caused

by the partition boundary layers is embedded on an inviscid
background generated by the jump condition (^ ^()2. This
background flow is the free shear layer (FSL) solved by
Chapman4 for u2 = 0:

where

-^ =/H^ CD

x =- (2)

For the present purposes this solution must be adjusted to
give/(y* = oo) = 1 and/(y* = - oo) = u^ and, in keeping
with the desire to express it analytically, can replace / by a
polynomial. Furthermore, we must allow for a lateral dis-
placement of the Chapman prqfile so that fits "zero stream-
line" can be positioned consistently with the corresponding
streamline of the wake component; the rationale for this
positioning will be presented further later in the paper.

"Fast" Stream (Subscript I)

U, A M, T, TOI Re,'

Solid Partition
(Temp.Tw)

IE.

t
Boundary

Boundary Layer Q
-Y*

"Slow" Stream (Subscript 2)
U2 p2 M2 T2 T02

Fig. 1 Flow geometry and nomenclature.

With these modifications the free shear layer solution be-
comes

FSL

where

(4)

and y'm is the y' value at which the superposed wake velocity
is a minimum. The coefficients Cn assume the following
values:

For rj < -10,

C»=0 (5)

For -lOoy <0,

C0 = 0.587, Cl = 0.202264, C2 = 7.90697 x 10~3

C3 = -6.90281 x 10~3, C4 = -1.3746 x 10~3

C5 = -1.02122 x 10-4, C6 = -2.72423 x 10~6 (6)

For 0 <rj < 8,

C0 = 0.587, Q = 0.198703, C2 = 5.08547 x 10~3

C3 = -0.0206133, C4 = 4.97013 x 10~3

C5 = -4.83879 x 10~4, C6 = 1.73537 x 10~5 (7)

For if > 8,
6

LOT = l (8)
0

The temperature due to the free shear layer component is
found from the Grocco relation:

-} =T /1 1/FSL

7-

FSL

with which the Mach number at any point is obtained:

_/V\ /r.V/2
FSL "" WFSL

(9)

(10)
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IV. Wake Component
An analytic solution for the wake of a flat plate was given

in Ref. 9. A brief description of the background leading to
this theory starts with the solutions found by Gold.10 Using
the Oseen linearization for the momentum integral, Gold
provided analytic expressions for the velocity and the temper-
ature in the wake as functions of the boundary-layer momen-
tum thickness at the TE of the plate. In Ref. 9 the TE velocity
profiles were taken to be exponentials, the appropriate space
coordinates were found again to be x' and y' as in Eq. (2),
and allowance was made for 6l ̂  02. For unity Prandtl num-
ber and a constant Chapman-Rubesin parameter, the nondi-
mensional velocity and temperature in the wake were then
found to be

u = 1 - - = \e -(y'2/4x'>[ea2etfc(a) + e*2erfc(6)] ( J 1)
ue 2

—
-* &

where
= 01/02

(12)

(B)

a = (P + 1) V? +
2V*''

y' (15)

(16)

and where ( )e signifies the constant properties external to the
wake. [Equations (11) and (12) are algebraically simpler but
otherwise identical to the results of Ref. 9.]

Reference 9 indicates that the preceding solutions are ana-
lytical and continuous in the desired interval 0<x*<oo,
— OO<J ;*<OQ, which is in very good agreement with
GoldsteinV P — 1 wake solutions on the plane y* — y* = 0,
and reduce to the linearized wake solutions3 far from the TE.
This is so despite the Oseen linearization used, which in
principle restricts the validity of solutions to u, K <£ 1.

As Fig. 2 shows, it is an important feature of this wake
solution that for P^\(6l^92) the minimum of the wake
velocity downstream of the TE deflects toward the side with
an initially thicker boundary layer. In terms of the x',y'
coordinates this deflection is called y'm, which is the y' value
zeroing the y' derivative of Eq. (11). Note that
y'm = y'm(x';P) = y'm(x\P\ where

(17)

and that y'm(x\P = 1) =0. The deflection y'm(x-,P)9 shown in
Fig. 3, will become significant later when the wake and FSL
components are combined.

.2 -

Fig. 2 Typical velocity profiles for the asymmetric (P =
wake of a flat plate, from Eq. (11).

Fig. 3 The deflection y'm of an asymmetric wake for various values of
the asymmetry parameter P = 0l/02.

—— BLASIUS THEORY

—— EXPONENTIAL
(PRESENT)

O BROWER DATA

(REF II)

Fig. 4 Representation of a laminar boundary-layer profile by the
exponential of Eq. (19).

The results of Ref. 9, as just presented, are suitable for
initial velocity profiles u0(y* >0) =exp(->>) and uQ(y* <
0) = exp(Py) at the trailing edge, where y = y*jO\, and for the
corresponding temperature profiles K0 found from w0 by the
Crocco relation. Figure 4 shows that this w0 differs consider-
ably from the laminar (Blasius) zero-pressure-gradient (ZPG)
profile. Flexibility in simulating other laminar profiles, ac-
cording to this figure, can be gained by considering
«o(y* > 0) = exp( -y/S) and w?(y* < 0) = exp(Py/S), where
the "stretching factor" S is an input parameter; for example,
laminar boundary-layer velocity profiles recently obtained by
Brower and Demetriades11 in the accelerating flow of a super-
sonic nozzle are fitted quite well by S = 1.8. In the solutions
(11-16), y' would then be replaced by y'/S. However, this
would stretch the profiles downstream of the TE about the
zero streamline > ;*=7*=j / = 0, whereas it appears more
reasonable to do the stretching about the wake minimum at
y'm. Thus, we seek a new variable y" to replace y' in Eqs. (14)
and (15) and to obey the conditions y"(x* = 0) *=y'/S,
y"(S = 1) =/, y"W=y'm) =y'm, and y\y'm = 0) =y'/S.
The variable that satisfies these conditions is

' + (S-\)y'm (18)

The end result for the wake of a flat plate is therefore the
same equations (11-16) with y' replaced by y". The corre-
sponding TE boundary-layer profiles are

= Be ~y's + Ce ~2-v/s = Ce ~2-v/s ( 19)

Ce2py's = Bu(} + Ce2pyls (20)
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Fig. 5 Comparison of the present theory [Eq. (32), with
0, P' > 1] with the computations of Ref. 5.

Fig. 6 Effect of the plate temperature Tw on the symmetric wake
velocity profiles at low speeds [from Eq. (32), with u2 = u19M1 =

O n A f _ T 1
, C7j—l/2> -*02— 'Oil*

V. Combination of FSL and Wake Components
When ( ) i^ ( )2 , it is necessary to account for p\^p2

generally; therefore, the compressible-transformed counter-
part of y* for the TE boundary layers must properly be

fy* p-&y* (21)PI•r
..{y*L

Jo P2
dy* (22)

and it can be easily shown that the assumed exponential
initial profiles must then be rewritten as follows for y* < 0:

(23)

(24)
where P' = OiPi/02p2 is the asymmetry parameter modified
from Eq. (13) to account for density differences.

With these modifications the equations for the wake com-
ponent are

-
ue

P'

(25)

2erfc(rf')]
(26)

£=r (27)

'FSL
— 1, 7-1 MlFSL

(28)

(29)

when the initial boundary-layer profiles are as given by Eqs.
(19), (23), and (24). Note that the Mach number in B and C
now uses Eq. (10) to reflect the replacement of a uniform
stream by that distorted by the inviscid asymmetry, and that

FSL T T T* 01 1 1 ^ F

with the last ratio given by Eq. (9).
The two components can now be joined by postulating that

the first ratio in the identity

(31)
u = u U™L
"i WSL/\ "i /

is replaceable by the u/ue of Eq. (25), meaning that the
background flow for the wake growth is now that produced
by the inviscid asymmetry; thus, combining Eqs. (3) and (25),

(32)
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Fig. 7 Effect of plate temperature Tw on the symmetric Mach 3 wake
temperature profiles [from Eq. (33), with i/2 = «n A/, = 3,0, = 02>
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Fig. 8 Effect of plate temperature Tw on the symmetric Mach 10 wake
temperature profiles [from Eq. (33) with w2 = «n Af, = 10,0, = 02,
7o2= r01|.
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Similarly,

-)/FSL
(33)

with the first ratio in Eq. (33) obtainable from Eq. (26) and
the second from Eq. (9). A subtle point in this "composite"
scheme concerns the relative lateral placement of the two
components. The solutions of Sec. IV for the wake compo-
nent provided as u/ue = ujue(xf,y"\Pf) retain the y"=y'm
point as the minimum in the velocity profile. This minimum
reasonably separates the two sides of the wake and acts as a
"dividing streamline" of the two original streams. Therefore,
it is necessary that what is known as the "zero streamline" in
the original u2 = 0 Chapman solutions (e.g., the point where
M/W! = 0.587) also coincides with this dividing streamline. This
explains, and is already assured by, the choice of the Chap-
man variable rj in Eq. (4), which becomes zero at y' =y'm.
The quantity y'm can be calculated analytically, as mentioned
earlier, and in the present case of combined flows it is the y"
value for which the y" derivative of Eq. (25) becomes zero; it
can also be obtained from Fig. 3 if P' is put in the place of P.

VI. Comparison with Numerical Solutions
Equations (32) and (33) provide continuous closed-form

solutions for the velocity and temperature over the enitre
range 0<x'<oo, -oo <>>'«», which reduce to the initial
profiles at x' — 0, to familiar asymptotic solutions at x' = oo
and to the given boundary conditions at y' = ±00. The solu-

Fig. 9 Effect of edge Mach number Ml on the velocity profiles of a
shear layer adjacent to a stagnant ("base flow") region cooled to
TJTn = r02/r0, = 0.2 [Eq. (32) with «2 = 0,0, > 02|.
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Fig. 10 Effect of wall and stagnant-region temperatures Tw and 702 on
the temperature profiles of a hypersonic (Mach 10) "base flow" |Eq.
(33), with M, = 10,Bl > 02, «2 = 01.
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Fig. 11 Film cooling velocity and temperature profiles downstream of
a partition initially separating a hypersonic from a cooled supersonic
flow (Eqs. (32) and (33), with Ml = 10,112 = 11! = 0.5, Ol/02 = I].
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Fig. 12 Film cooling velocity and temperature profiles downstream of
a partition initially separating a hypersonic flow from a supersonic flow
of equal stagnation temperature I Eqs. (32) and (33), with A/, = 10, i/2/

tions for u/Ui and T/Ti are both functions of the space
coordinates x*,y* and the seven input parameters 7, A/i, S,
P', u2/Ui, TQ2/TQi and Tw/T0i. Comparison with other analy-
ses, numerical computations, or experiments can be made
easily by choosing these parameters appropriately. A compar-
ison with the flat-plate plane-of-symmetry wake results pro-
vided by Goldstein1 has already been made in Ref. 9. To
simulate this flow, Eq. (32) is used with P '=w 2 /Wi = l and
y* = Q (meaning y=y'=y"=Q). As shown by Ref. 9,
Goldstein*s results are duplicated very closely by Eq. (32).

A comparison was also made with the computation by
Dennison and Baum5 of a separated boundary layer flowing
adjacent to a recirculation zone (u2 ^ 0). The Dennison-Baum
results for y* = y* = 0 are shown by the solid line in Fig. 5,
plotted vs the x parameter of Eq. (17). The points shown on
the same figure are supplied by Eq. (32) using u2/ul =y' = 0.
The points were computed for 5 = 3, although other initial
profile shapes in the range 1 < S < 3 changed the result by
3% at most, meaning that the initial profile shape (for fixed
0{) is unimportant. [This conclusion applies strictly for the
present case where the fluid with conditions ()2 extends to
y* = -oo.] The P' parameter was taken larger than unity, to
signify a greater momentum loss by the separating than the
recirculating flow (the points shown change very little in the
range 1 < Pf < oo). The agreement shown in Fig. 5 is very
good indeed; momentum-integral methods6 have shown a
poorer agreement.

VII. Applications
As indicated, a variety of flowfields can be calculated with

Eqs. (32) and (33) by the proper choice of the seven input
parameters. Ordinary flat-plate wakes are obtained for
()i =( )2» whether symmetric or not (depending on P) and
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whether or not the plate temperature differs from the total
stream temperature (Tw ^ Tol). Flows of the "base" or "sepa-
rated" variety are obtained for u2/ul = 0, and "partition"
flows with ()i ̂  ()2 generally can be calculated for two
streams mixing downstream of a thin partition. Many such
examples are illustrated in Ref. 12, a few of which are also
shown here in Figs. 6-12, for the dual purpose of demon-
strating the technique and illustrating various flows. In these
figures the abscissa is normalized with its value in stream 1,
and the ordinate is the physical distance y* normalized with
BI\ negative y*/6l is on the side of stream 2. Each curve on
each figure is a profile at constant x [Eq. (17)], with the
profile at x = 0 (the initial boundary layers at the TE) at the
extreme left of each figure. The origins for the subsequent
profiles, at x = 0.01, 0.03, 0.1, etc., are each displaced to the
right by fixed steps for clarity.

All results shown were calculated from Eqs. (32) and (33)
and, for brevity, y = 1.4 and S = 3 are used throughout.
Symmetric wake flows, plotted in Figs. 6-8, are obtained for
«! = u2, P = P' = 1, and T02 = Tol. In these figures the veloc-
ity and temperature profiles are shown for low-speed, super-
sonic, and hypersonic wakes with Mt = 0, 3, and 10,
respectively. The notation TW/T01 =0.2, 1, and 5 indicate a
cooled, adiabatic, and heated wake, respectively. For exam-
ple, at Mach 10 the maximum temperature of the flow at
x* = 3Q92

1Ref
1 is about 2.37^.

The "base flow" nomenclature employed in Figs. 9 and 10
indicates the separated boundary-layer growth adjacent to a
stagnant region extending infinitely toward negative y*. This
type of flow is given by Eqs. (32) and (33) when u2 = 0, and,
although not identical, it is related to the flow formed at the
base of a bluff object and bounded by separated boundary
layers. Figure 9 shows the effect of increasing Ml on the
velocity distribution beyond separation, when the surface and
the base region are cooled (Tw = T02 = 0.2r01); in Fig. 10 the
effect is shown on the temperature profiles of cooling from
Tw = T02 = Tol to Tw = T02 = 0.2r01 for a hypersonic condi-
tion (Mach 10). In both cases 91 is taken to be much larger
than 02> to reflect the extensive friction history of the
boundary layer before separation. (As noted, these results are
independent of P' for P' > 1.)

Finally, Figs. 11 and 12 show results for a hypersonic
stream at Ml = 10 separated from a "film-cooling" jet of half
the speed, by a thin partition. In this instance Eqs. (32) and
(33) have been used with u2lul = 0.5, Mv = 10, P = 1, and
Tw = (r01 + r02)/2, the latter typical of a very thin solid
partition separating streams of unequal temperatures. For the
purpose of illustrating the effect of the coolant jet tempera-
ture, Figs. 11 and 12 involve r02 = 0.3r01 and TQ2=Toly
respectively; the corresponding jet Mach numbers M2 are 4.38
and 1.25. Note that a cooled jet (Fig. 11) prolongs the
velocity minimum to large x distances, often amounting to
several thousand momentum thicknesses 0 t.

It must be noted that the method of combining the two
flow components as in Eqs. (32) and (33) is not an addition
of two independent solutions of a linear equation; lineariza-
tion enters the problem only through the Oseen approxima-
tion involved in the wake component formulas (11) and (12).
This approximation would normally produce invalid results
near the partition trailing edge; however, in the present in-
stance the requirement that the wake solution reduces to the
trailing-edge profiles at x* = 0 enables Eqs. (11) and (12) to
represent the entire wake flow in 0 < jc* < oo very closely.9
The composite solutions (32) and (33) similarly depend on the
linearized wake component, but once again in such a manner
that the initial and asymptotic conditions are satisfied and
that, as Figs. 6-12 show, reasonable results are produced at
intermediate regions.
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